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0. INTRODUCTION
Let p > 2 be a prime number, and GQ the absolute Galois group of Q.
For an absolutely irreducible residual representation
r¯: GQ QGL2(Fp),
we denote by N=N(r¯) the conductor (for the definition of the conductor,
see Section 2). We assume that r¯ is associated to a classical eigenform f of
level N defined over Zp. Let S={ the prime divisors l of Np} 2 {.}. Then
we know that r¯ factors through the Galois group GS of the maximal Galois
extension of Q unramified outside S, and we consider the deformation
problem of the residual representation
r¯: GS QGL2(Fp).
In [12], Mazur showed that there exist a complete Noetherian local ring
R(r¯, S) with residue field Fp and a deformation of r¯
runiv: GS QGL2(R(r¯, S))
such that any deformation of r¯ to a complete Noetherian local ring A with
residue field Fp
r: GS QGL2(A)
is obtained from runiv via a unique homomorphism R(r¯, S)Q A.
On the other hand, we regard f as being in Vpar(Zp, N) which is the ring
of parabolic p-adic modular functions of tame level N defined over Zp. Let
Ta0 (Zp, N) be the restricted Hecke algebra on Vpar(Zp, N) (cf. [7]). We
denote by T(r¯, N) the completion of Ta0 (Zp, N) at the maximal ideal mf
which is the kernel of the map Ta0 (Zp, N)Q Fp determined by f. Then it
was shown in [7] that there exists a deformation of r¯ to T(r¯, N)
rmod: GS QGL2(T(r¯, N))
which is universal among deformations of r¯ associated to p-adic modular
functions. Thus we have a natural surjective homomorphism
R(r¯, S)Q T(r¯, N).
Remark 0.1. Gouvêa constructed a theory of p-adic modular forms in
his book [7] on the assumption p \ 5. When he constructed the universal
modular deformation rmod by patching the Galois representations associated
to classical eigenforms, he used a result of Mazur on the descent of Galois
representations [12, Corollary 2]. (This is Theorem III. 5.5 of [7].) This
theorem needs the assumption ‘‘H1(H, Ad0H)=0,’’ and for Galois repre-
sentations associated to classical eigenforms, this assumption is satisfied
when p ] 5. So Gouvêa had to assume that p \ 7 to construct rmod.
But we know that the theorem on the descent of Galois representations
holds without the assumption ‘‘H1(H, Ad0H )=0’’ by a result of Carayol
[3, Théorème 2]. So we need not to assume p ] 5 to construct rmod.
Further in [7], Gouvêa mentioned that we can construct a theory of 3-adic
modular forms of any tame level N by the same arguments as he did in his
book. Hence we can obtain the universal modular deformation rmod on the
assumption p > 2 (cf. [2, Sect. 2]).
For a residual modular representation r¯ of level N=N(r¯), Gouvêa’s
conjecture on controlling the conductor is stated as follows (for the details,
see [8]). Let S be as above and S0 the subset of S consisting of primes l | N
at which r¯ is ‘‘l-ordinary.’’ In [8], Gouvêa showed that the conductor of
any ‘‘S0-ordinary’’ deformation of r¯ is N. Then he defined the level N
universal deformation ring R(r¯, N) to be the universal S0-ordinary defor-
mation ring (for which, see Section 1). He also showed that the surjective
homomorphism
R(r¯, S)Q T(r¯, N)
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factors through the universal level N deformation ring,
R(r¯, S) |Ł T(r¯, N)
R(r¯, N),
and he gave the following
Conjecture [8, Sect. 4]. The surjective homomorphism
R(r¯, N)Q T(r¯, N)
is an isomorphism.
In this article, we prove this conjecture in a special case. We obtain the
following
Main Theorem. Let p > 2 be a prime number, k \ 2 an integer. For an
absolutely irreducible residual representation
r¯: GQ QGL2(Fp),
we denote by N=N(r¯) the conductor. We assume that r¯ is associated to a
classical eigenform f of type (N, k, 1)Zp . Let S={ the prime divisors l of
Np} 2 {.}, and we consider the deformation problem of the residual
representation
r¯: GS QGL2(Fp),
where GS is the Galois group of the maximal Galois extension of Q
unramified outside S. We denote by Ap the Tp-eigenvalue of f and suppose
that Ap is not a unit of Zp. Suppose further that the polynomial
X2−ApX+pk−1
has simple roots in Zp. If the deformation problem for r¯ is unobstructed,
then the conjecture on controlling the conductor is true for r¯, i.e., the
surjective homomorphism
R(r¯, N)Q T(r¯, N)
is an isomorphism.
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Here we mean by ‘‘the deformation problem for r¯ is unobstructed’’ that
dimFp H
2(GS, Ad(r¯))=0,
where Ad(r¯) is the Fp-vector space of 2×2 matrices with entries in Fp, on
which GS-action is given by
s ·M=r¯(s) Mr¯(s)−1 (s ¥ GS, M ¥ Ad(r¯)).
Remark 0.2. (1) We can easily check that if 0 < ordp(Ap) < (k−1)/2
then the polynomial X2−ApX+pk−1 has simple roots in Zp (cf. [15,
Theorem II. 2.1]).
(2) In the case that k is odd and ordp(Ap) > (k−1)/2, we see that
the polynomial has simple roots in Zp if and only if p — 1 (mod 4) (cf. [15,
Theorem II. 3.3]).
(3) Coleman and Edixhoven showed that if the crystalline Frobenius
of the Grothendieck motive M(f) over Qp is semi-simple, then the char-
acteristic polynomial X2−ApX+pk−1 has simple roots (which are not
necessarily in Zp, cf. [6]).
The proof of the main theorem is divided into two steps. The first step is
to show that the natural homomorphism
R(r¯, S)Q R(r¯, N)
is surjective. In Section 1, we show in a general situation that the universal
S0-ordinary deformation ring is a quotient of the universal full-deformation
ring using the Lenstra–de Smit construction of universal deformation rings.
The second step is to show that the natural surjective homomorphism
R(r¯, S)Q T(r¯, N)
is an isomorphism. This is a generalization of the main theorem of [10] to
the case of an arbitrary tame level. In Section 2, we regard our r¯ as being
associated to the ‘‘twins’’ of level Np coming from f. We then reduce the
proof of the isomorphism to the arguments of Gouvêa and Mazur in [10]
which use the theory of ‘‘infinite ferns.’’
1. THE UNIVERSAL S0-ORDINARY DEFORMATION RING
In this section, we consider ‘‘S0-ordinary’’ deformations in a general
situation. Let p be a prime, k a finite field of characteristic p, S a finite set
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of rational places containing p and ., and GS the Galois group of the
maximal Galois extension of Q unramified outside S. Let
r¯: GS QGL2 (k)
be an absolutely irreducible residual representation.
First we briefly recall the deformation theory of Galois representations.
Let A be a complete Noetherian local ring with residue field k. We shall
consider homomorphisms r: GS QGL2(A) which make the following
diagram commutative,
GS|Łr GL2(A)
r¯ ‡
GL2 (k),
where the homomorphism GL2(A)QGL2(k) is induced from the natural
reduction homomorphism AQ k. We say two such lifts are strictly equiv-
alent if they are conjugate by an element of ker(GL2(A)QGL2(k)), and
we refer to a strict equivalence class of lifts of r¯ as deformation of r¯ to A.
Mazur showed in [12] the following
Theorem 1.1 [12, Proposition 1]. Let a residual representation
r¯: GS QGL2(k)
be absolutely irreducible. Then there exist a complete Noetherian local ring
R(r¯, S) with residue field k and a deformation of r¯
runiv: GS QGL2(R(r¯, S))
such that any deformation r of r¯ to a complete Noetherian local ring A
with residue field k is obtained from runiv via a unique homomorphism
R(r¯, S)Q A.
The ring R(r¯, S) depends only on r¯ up to ‘‘twist-equivalence,’’ i.e., if r¯Œ is
equivalent to a twist of r¯ by a one-dimensional character, then there exists a
canonical isomorphism
r(r¯, r¯Œ) : R(r¯, S)( R(r¯Œ, S).
Now we consider the ‘‘ordinary’’ deformations. Let r: GS QGL2(A) be a
Galois representation andM=A×A with GS-action by r. Let l be a prime
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number, and I an inertia group at l. We say r is l-ordinary if the sub-
moduleMI …M of invariants under I is a free A-module of rank one and a
direct summand ofM.
Let S0 … S, and assume that r¯: GS QGL2(k) is S0-ordinary; i.e., r¯ is
l-ordinary for all l ¥ S0. Then we can consider S0-ordinary deformations of
r¯. The following theorem asserts that the universal S0-ordinary deforma-
tion ring exists and it is a quotient of R(r¯, S).
Theorem 1.2 (cf. [8, Theorem 2]). Let S0 … S, and assume that
r¯: GS QGL2(k) is absolutely irreducible and S0-ordinary. Then there exist a
complete Noetherian local ring R(r¯, S, S0) with residue field k and an
S0-ordinary deformation of r¯
r(S, S0): GS QGL2(R(r¯, S, S0))
such that any S0-ordinary deformation r of r¯ to a complete Noetherian local
ring A with residue field k is obtained from r(S, S0) via a unique homo-
morphism R(r¯, S, S0)Q A.
Moreover, the natural homomorphism
R(r¯, S)Q R(r¯, S, S0)
is surjective.
Proof. We use the Lenstra–de Smit construction of universal deforma-
tion rings to show the existence of the universal S0-ordinary deformation
ring (cf. [11]).
Note that Lenstra and de Smit considered the deformation problem of
residual representations in the category of complete local rings (not neces-
sarily Noetherian). However, by parts (3) and (4) of Theorem (2.3) in
[11], the universal deformation ring that they constructed in [11] is iso-
morphic to the one that is constructed in the category of complete
Noetherian local rings, since dimFpH
1(GS, Ad(r¯)) <..
Let V=k×k with GS-action by r¯. We denote by Def(V, A) the set of
deformations of r¯ to A. Further we denote by S0(A) the set of S0-ordinary
deformations and Sl(A) the set of l-ordinary deformations for each l ¥ S0.
Then S0(A) and Sl(A) are subsets of Def(V, A), and we have
S0(A)=3
l ¥ S0
Sl(A).
By Proposition (6.1) of [11], we know that the functor Sl( · ) satisfies
the conditions (1)–(3) in Section 6 of [11]. Therefore the functor S0( · )
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also satisfies these conditions, and we know that this is represented by a
quotient ring R(r¯, S, S0) of the universal deformation ring R(r¯, S).
Namely, the natural homomorphism
R(r¯, S)Q R(r¯, S, S0)
is surjective. L
We return to Gouvêa’s conjecture on controlling the conductor. In [8],
Gouvêa defined the level N universal deformation ring R(r¯, N) to be the
universal S0-ordinary deformation ring. So the natural homomorphism
R(r¯, S)Q R(r¯, N)
is surjective by the theorem above.
2. THE PROOF OF THE MAIN THEOREM
In Gouvêa’s commutative diagram
R(r¯, S) |Ł T(r¯, N)
R(r¯, N),
we know that the homomorphism
R(r¯, S)Q R(r¯, N)
is surjective by Section 1. To obtain the main theorem, in this section, we
show that the natural surjective homomorphism
R(r¯, S)Q T(r¯, N)
is an isomorphism for r¯ of the main theorem.
2.1. The Conductor of a Residual Representation
First we recall the definition of the conductor of a residual representa-
tion, and state an essential lemma on modular representations.
Let p be a prime number, k a finite field of characteristic p. For a
residual representation
r¯: GQ QGL2(k),
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the conductor N(r¯) of r¯ is defined to be
N(r¯)=D
l ] p
ln(l, r¯),
where the numbers n(l, r¯) are defined as follows: choose a place of Qb over
l, and let I be the corresponding inertia group. Let Va=k×k with
GQ-action given by r¯, and Va0 the subspace of Va fixed by r¯(I). Then
n(l, r¯)=2−dim Va0+sw(r¯),
where sw(r¯) is the Swan conductor of the restriction of r¯ to I.
Note that n(l, r¯)=0 if and only if r¯ is unramified at l. So the product in
the definition is meaningful. Note also that N(r¯) is prime to p. (For the
definition of the conductor of a residual representation, see also [8, 16].)
Now we assume that p > 2 and that r¯ is absolutely irreducible and asso-
ciated to a classical eigenform f of level N(r¯) defined over a W(k)-algebra
B with residue field k. Then Gouvêa showed the following lemma in [8]. It
is very essential to proving R(r¯, S) 5 T(r¯, N) in the next section.
Lemma 2.1 (cf. [8, Lemma 7]). Let r¯ and f be as above. Then the
eigenform f is a newform of level N(r¯).
2.2. Twins, Coleman’s Families, and Infinite Ferns
Let p be an odd prime number. Now we prove the isomorphism R(r¯, S) 5
T(r¯, N) for r¯ of the main theorem and finish the proof of the main
theorem. Let r¯: GS QGL2(Fp) and f be as in the assumption of the main
theorem. Note that N=N(r¯) is the conductor of r¯. Then the classical
eigenform f associated to r¯ is of type (N, k, 1)Zp , i.e., a cusp form of level
N, weight k with trivial character whose Fourier expansion is lying in
ZpQqR and whose first Fourier coefficient is equal to 1, and which is an
eigenform for the Hecke operators Tl for prime numbers l not dividing Np
and for the Atkin operators Uq for prime numbers q dividing Np.
Remark 2.1. We denote by Cp the completion of an algebraic closure
of Qp. We fix once and for all an isomorphism between C and Cp. Given a
classical modular form f, we transport the Fourier coefficients of f in C to
Cp via our fixed isomorphism. In this way we regard f as being defined
over Cp.
Since the level N of f is the conductor of r¯, f is a newform of level N by
Lemma 2.1. From the relation
Up=Tp−pk−1Bp,
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we know that the characteristic polynomial of the Hecke operator Up
acting on the two-dimensional space of oldforms of level Np spanned by f
and f | Bp over Cp is
X2−ApX+pk−1.
Here Ap is the Tp-eigenvalue of f, and Bp is the standard ‘‘degeneracy
operator’’ which acts on the Fourier expansion of f as (f | Bp)(q)=f(qp).
By the assumption, this polynomial has simple roots in Zp. We denote
these roots by l1, l2. Then the following two eigenforms of type (Np, k, 1)Zp
f1=f−l2 ·f | Bp,
f2=f−l1 ·f | Bp
form a basis of that space. Their Tl-eigenvalues for l not dividing Np and
Uq-eigenvalues for q dividing N are equal to those of f, and Up-eigenvalues
are l1 and l2, respectively. In particular, from the equality of the
Tl-eigenvalues for l not dividing Np, we may assume that r¯ is associated to
both of f1 and f2. We call f1 and f2 the twins coming from f. Note that
the twins are ‘‘new away from p.’’ (We say that a classical eigenform g of
level Np is new away from p when g is a newform of level Np or g belongs
to a space of oldforms spanned by j and j | Bp for a newform j of level N.)
Putting g=f1, we may assume that r¯ is associated to g which is a
classical eigenform of type (Np, k, 1)Zp and new away from p. Since the
Up-eigenvalue l1 of g is a simple root of the polynomial X2−ApX+pk−1,
we have l21 ] pk−1. We put a=ordp(l1) and call it the slope of g. Since Ap
is not a unit, we have 0 < a < k−1; i.e., g is of non-critical slope.
Remark 2.2. Note that we do not need the level of f to be the conduc-
tor N(r¯) of r¯ except when we show that f is a newform in the above
arguments concerning eigenforms.
Note also that the assumption that the polynomial X2−ApX+pk−1 has
simple roots in Zp implies that the eigenform g is defined over Zp. This fact
enables us to use the same arguments as in [10] dealing with eigenforms
defined over Zp.
Summing up the arguments above, we know that the main theorem
follows from the following theorem which is a generalization of the main
theorem of [10] to the case of an arbitrary tame level. (From now on, the
symbol N denotes any positive integer prime to p.)
Theorem 2.2. Let p > 2 be a prime number, k \ 2 an integer, and N a
positive integer prime to p. Let S={ the prime divisors l of Np} 2 {.} and
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GS the Galois group of the maximal Galois extension of Q unramified outside
S. We assume that an absolutely irreducible residual representation
r¯: GS QGL2 (Fp)
is associated to a classical eigenform g of type (Np, k, 1)Zp , non-critical slope
a and new away from p. Further, assume that l2p ] pk−1 where lp is the
Up-eigenvalue of g. If the deformation problem for r¯ is unobstructed, then
the natural surjective homomorphism
R(r¯, S)Q T(r¯, N)
is an isomorphism.
Remark 2.3. In [2], Böckle gave a method of proving the isomorphism
between the ‘‘big rings’’ R(r¯, S) and T(r¯, N) by means of the isomorphism
between the ‘‘small rings’’ (which are quotients of the big ones) showed by
Taylor and Wiles in [17, 18]. This method is very remarkable for the point
that we can use it in the ‘‘obstructed’’ and ‘‘critical slope’’ case.
To prove this theorem, we need the following two propositions on
‘‘twins’’ and ‘‘Coleman’s families,’’ respectively.
Proposition 2.3. Let f be a classical eigenform of type (Np, k, 1)Cp .
Suppose that the slope of f is equal to neither (k−1)/2 nor (k−2)/2 and
that f is new away from p. Then f has a twin.
Proof. If f is a newform, then its Hecke Up-eigenvalue is ±p (k−2)/2
(cf. [1, Theorem 3]). As we assume that the slope of f is not equal to
(k−2)/2, f is an oldform of level Np. Since f is new away from p,
f belongs to a space of oldforms spanned by j and j | Bp for a newform j
of level N.
Let ap be the Up-eigenvalue of f. Then we can check easily that f and
fŒ=j−ap ·j | Bp are the twins coming from j, since the slope of f is not
equal to (k−1)/2. L
Remark 2.4. From the proof above, we know that if f is defined over
Zp, then the twin fŒ of f is also defined over Zp. This fact is essential to
constructing an ‘‘infinite fern’’ in the universal deformation space X=
HomZp-alg(R(r¯, S), Zp) (for which, see [14]).
Proposition 2.4 (cf. [5, Corollary B5. 7. 1]). Let g be a classical
eigenform of type (Np, k0, 1)Zp which is new away from p and slope
a=ordp(lp), where lp is the Up-eigenvalue of g. Suppose that k0 > a+1 and
that l2p ] pk0 −1.
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Then there exist a disk D … Zp containing k0 and p-adic analytic functions
an(s): DQ Zp for n \ 1 such that if k ¥ D is an integer strictly greater than
a+1, then
fk(q)=C
n \ 1
an(k) qn
is a classical eigenform of type (Np, k, 1)Zp and slope a which is new away
from p, and fk0=g.
Proof. The proof of this proposition can be found in [5, Sect. B5].
Note that Coleman constructed his families of eigenforms using the duality
between the space of ‘‘pŒ-new forms’’ and the Hecke algebra acting on it.
This implies the eigenforms fk are new away from p. L
Now we can sketch the proof of Theorem 2.2. In [10], Gouvêa and
Mazur showed the isomorphism of tame level 1
R(r¯, {p,.}) 5 T(r¯, 1),
and Theorem 2.2 is a generalization of this result to the case of an arbitrary
tame level. We can prove this by means of the arguments of Gouvêa and
Mazur in [10] which use the theory of ‘‘infinite ferns.’’ As in [10], it
suffices to show that the subset X of all modular points of SpecR(r¯, S) is
Zariski-dense in SpecR(r¯, S) to prove the isomorphism R(r¯, S) 5 T(r¯, N).
We consider X=HomZp-alg(R(r¯, S), Zp) which is called the universal
deformation space of r¯. A point of this space corresponds to a deformation
of r¯ to Zp. The assumptions that p > 2 and the deformation problem for r¯
is unobstructed imply that X has a structure of Qp-analytic manifold of
dimension 3 (for the details, see [14, Sects. 7, 8]).
Proposition 2.4 enables us to construct a ‘‘modualr arc’’ C in the universal
deformation space X. This is a Qp-submanifold of dimension 1 of X which
consists of points corresponding to deformations of r¯ to Zp associated to
eigenforms in the Coleman’s family {fd}d ¥ D of Proposition 2.4. Further
viewing C as a ‘‘spine,’’ we can construct a countable set of ‘‘needles’’
{C(k)}k ¥K by Proposition 2.3 which are parametrized by a convergent
sequence K of integers in D. Each C (k) is also a modular arc and intersects
C at the single point corresponding to the deformation associated to the
eigenform fk. Moreover, each C (k) can be viewed as spine and it has
needles of its own. In this way we have an ‘‘infinite fern’’ in the universal
deformation space X (for the details of this construction of infinite ferns,
see [14, Sects. 16, 17, 18]).
100 ATSUSHI YAMAGAMI
Recall that, in the arguments of Gouvêa and Mazur, the existence of an
infinite fern in the universal deformation space X caused the density of
modular points X in SpecR(r¯, S) on the assumption that X is a
3-dimensional Qp-analytic manifold. If X is not dense in SpecR(r¯, S), then
there is a non-zero element y of R(r¯, S) which is vanishes on X. We can
prove that the existence of y leads to a contradiction by the same argu-
ments of Gouvêa and Mazur in [10], and we omit the details of the proof
here.
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